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A BOTT TYPE RESIDUE FORMULA ON COMPLEX ORBIFOLDS
MAUR´ICIO CORR ˆEA JR., MIGUEL RODRIGUEZ PE ˜NA AND M ´ARCIO G. SOARES
ABSTRACT. We prove residual formulas for vector fields defined on compact complex
orbifolds with isolated singularities and give some applications of these on weighted
projective spaces.
To Jose´ Seade on the occasion of his 60th birthday
INTRODUCTION
In this article we prove residual formulas for vector fields defined on compact complex
orbifolds with isolated singularities. We then derive some applications, related to holo-
morphic foliations on weighted complex projective spaces and conclude by looking at
Hirzebruch surfaces as resolutions of weighted projective planes of a simple type. These
residual formulas are inspired by the well known residue formula of R. Bott for vector
fields, with isolated zeros, defined on complex manifolds and also by several more recent
results on this subject, which can be found in [3].
V-manifolds were introduced by I. Satake in [11] and later rediscovered by W. Thurston
[12], which referred to them as orbifolds and since then they are known by this name.
These objects may present singularities, but these are all quotient singularities originat-
ing locally from the action of finite groups and hence are tractable. More precisely, an
orbifold X is a complex space endowed with the following property: each point p ∈ X
possesses a neighborhood which is the quotient Y/Gp, where Y is a complex manifold,
say of dimension n, and Gp is a properly discontinuous finite group of automorphisms of
Y , so that locally we have a quotient map (Y, p˜) πp−→ (Y/Gp, p) = (X, p). If the isotropy
group Gp of p is non-trivial, then p is a singular point of X. The structure of orbifolds
around its singularities was elucidated by D. Prill in [10]. We will also make use of re-
sults by R. Blache [2] concerning Chern classes and local Chern classes on orbifolds. An
extensive account on orbifolds can be found in [1].
In Section 2 we state and prove the main results of this note, which we briefly present
now.
Theorem 1 Let X be a compact orbifold of dimension n with only isolated singularities,
let L be a locally V-free sheaf of rank 1 over X and L the associated line V-bundle.
Suppose ξ is a holomorphic section of TX ⊗ L with isolated zeros. For each zero p of
the section ξ, let ξ˜ = π∗pξ be a local lifting of ξ via the quotient map (Y, p˜)
πp−→ (X, p)
and let Jξ˜ =
(
∂ξ˜i
∂z˜j
)
1≤i,j≤n
be the matrix of the linear part of ξ˜. If P is any invariant
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polynomial of degree n and L∨ is the dual of L then∫
X
P (TX − L∨) =
∑
p | ξ(p)=0
1
#Gp
Res p˜
[
P (Jξ˜) dz˜1 ∧ · · · ∧ dz˜n
ξ˜1 . . . ξ˜n
]
where Res p˜
[
P (Jξ˜) dz˜1 ∧ · · · ∧ dz˜n
ξ˜1 . . . ξ˜n
]
is Grothendieck’s point residue.
Theorem 2 Let X be a compact complex orbifold of dimension n with only isolated
singularities, L a locally V-free sheaf of rank 1 over X and L the associated line V-
bundle. Let σ : X˜ −→ X be a good resolution of X, E the exceptional divisor, and let
ξ be a holomorphic section of TX ⊗ L with isolated zeros. Assume (σ∗L )∨∨ is locally
free. Then∑
p | ξ(p)=0
Ip(ξ) =
∫
X˜
cn
(
(σ∗(TX ⊗ L))∨∨)− ∑
p∈Sing(X)
∫
X˜
cn
(
p, (σ∗(TX ⊗ L))∨∨) .
In particular, if σ∗(TX ⊗L ) is reflexive, then∑
p∈Sing(X)∩{ξ(p)=0}
Ip(ξ) =
∑
p˜∈E |σ∗ξ(p˜)=0
Ip˜(σ
∗ξ)−
∑
p∈Sing(X)
∫
X˜
cn (p, σ
∗(TX ⊗ L)) ,
where Ip(ξ) is the Poincare´-Hopf index of the section ξ at p.
In Section 3 we exploit some consequences of these results in weighted projective
spaces Pnw, among which an enumerative result counting the number of singularities of
holomorphic foliations on these spaces and also, in a particular but interesting case, a
condition for a holomorphic foliation on P(1, 1, k) to have a singularity at the singular
point e2 = [0 : 0 : 1]k of P(1, 1, k). The latter is shown in two different ways, the
first one is based on the enumerative result for Pnw mentioned above, and the second one
is obtained by considering the Hirzebruch surfaces Σk as good resolutions of P(1, 1, k).
It’s worth pointing out that if a holomorphic foliation F|P(1,1,k)\{e2} is given, around the
singular point e2 ∈ P(1, 1, k), by a vector field ξ or by a differential 1-form η, then the
lifted vector field ξ˜ or the lifted 1-form η˜ on (C3, 0), via (C3, 0)
πe2−→ (C3/Ge2 , e2), extend
holomorphically to 0 and this extension may be non-vanishing at 0. If this is the case we
say that F is non-singular at e2 (see Example 3.10).
1. PRELIMINARIES
1.1. Orbifolds or V-manifolds. We will make use of the theory of Chern classes for
pairs (X,S ), as developed by R. Blache in [2], where X is a complex orbifold with
isolated quotient singularities and S is a coherent sheaf on X. In fact, what we will
exploit is a little more restricted, namely, the Chern classes for locally free V-sheaves on
orbifolds. So, we start by briefly recalling the essential objects we will consider. We refer
the reader to [1], [2] and [11] for the definitions and results on orbifolds that we present
in this subsection.
Definition 1.1. An orbifold is a connected paracompact complex space X satisfying the
property that each point x ∈ X has an open neighborhood U ⊂ X which is a quotient
U ∼= V/G, where V is a complex manifold, G is a finite subgroup of the group of biholo-
morphisms of V , with V and G depending on x. (X,x) denotes the germ of the orbifold
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X at the point x and is referred to as a quotient germ. Morphisms of orbifolds are the
holomorphic maps between them.
Since the possible singularities appearing in a orbifold X are quotient singularities, we
have that X is reduced, normal, Cohen-Macaulay and with only rational singularities. We
denote its singular set by Sing(X) and the regular part of X by Xreg = X \ Sing(X).
The dimension of X is the dimension of the complex manifold Xreg.
The local structure of orbifolds around its singularities was described by D. Prill in
[10]: if dimX = n, then every quotient germ (X,x) determines a unique (up to con-
jugation) small finite group Gx ⊂ Gl(n,C) such that (X,x) = (Y, y)/Gx, where
(Y, y) = (Cn, 0), with natural projection π : (Y, y) → (X,x) which is called the lo-
cal smoothing covering of X at x. Note that x ∈ Sing(X) precisely when the isotropy
group Gx is non-trivial. We point out that Gx ∼= π1((X,x) \ Sing(X)) and for this
reason Gx is called the local fundamental group of X at x. Recall that Gx is small
if codimC FixGx ≥ 2, or equivalently, if no element of Gx has 1 as an eigenvalue of
multiplicity n− 1.
Satake’s fundamental idea was to use local smoothing coverings to extend the def-
inition of usual known objects to orbifolds. For instance, smooth differential k-forms
on X are C∞-differential k-forms ω on Xreg such that the pull-back π∗ω extends to a
C∞-differential k-form on every local smoothing covering π : (Y, y) → (X,x) of X.
Hence, if ω is a smooth 2n-form on X with compact support Supp(ω) ⊂ (X,x) then, by
definition,
(1)
∫
X
ω =
1
#Gx
∫
Y
π∗ω.
If now the 2n-form ω has compact support, we use a partition of unity {ρα, Uα}α∈A,
where πα : (U˜α, p˜α) −→ (Uα, pα) is a local smoothing covering and
∑
ρα(x) = 1 for
all x ∈ Supp(ω), and set
(2)
∫
X
ω =
∑
α
∫
X
ραω.
Analogously to the manifold case we have the sheaf E k of C∞-differential k-forms on
X, the exterior differentiation d : E k → E k+1 and E ∗ =⊕0≤k≤2n E k.
Stokes’ formula also holds, in particular, if X has dimension n and ω ∈ Γc(X,E 2n−1)
(compact supports) then
(3)
∫
X
dω = 0.
The de Rham complexes H∗dR(X,C) =
⊕
0≤k≤2n
HkdR(X,C) and with compact support
H∗dRc(X,C) =
⊕
0≤k≤2n
HkdRc(X,C) are then well defined and Poincare´’s duality holds:
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the pairing
(4)
HkdR(X,C)×H2n−kdRc (X,C) −→ C
([ω], [η]) 7−→
∫
X
ω ∧ η
is nondegenerate. As in the case of manifolds, de Rham’s theorem holds on orbifolds and
we have H∗(X,C) ∼= H∗dR(X,C), where H∗(X,C) is the complex of singular cohomol-
ogy rings with complex coefficients and, by considering ˇCech cohomology we also get
H∗dR(X,C) ∼= Hˇ∗(X,C).
By invoking Hironaka’s resolution of singularities we conclude that, given x ∈ X,
there exists an open neighborhood U ⊂ X of x such that, if σ : U˜ −→ U is a resolution,
Y˜ is a resolution of the normalization of the fiber product U˜ ×U Y , where π : Y −→ U
is a local smoothing covering, then there is a commutative diagram
(5)
Y˜
φ−→ Y
ψ ↓ ↓ π
U˜
σ−→ U
with φ bimeromorphic and biholomorphic over π−1(U \ Sing(U)) and ψ generically
finite of degψ = deg π and unramified over U˜ \ σ−1(Sing(U)).
Definition 1.2. Given an irreducible normal complex space Y and W $ Y a connected
compact analytic subset, let (Y,W ) denote the germ of Y along W . A connected open
subset V ⊂ Y is a good representative of (Y,W ) if W ⊂ V , ∂V is a real C∞-manifold
and there is a contraction of V onto W . If V is a good representative of (Y,W ) we define
H∗dRc((Y,W )) := H
∗
dRc(V,C).
The definition is good since H∗dRc(V ) = H∗dRc(V ′) if V and V ′ are good represen-
tatives of (Y,W ). Note that if both Y and W are manifolds with codimCW = 1, then
HkdRc((Y,W ))
∼= Hk−2dR (W ) for k ≥ 2.
Definition 1.3. A good resolution of an orbifold X is a resolution σ : X˜ −→ X whose
exceptional divisor E has only normal crossings. If X has only isolated singularities we
also require that σ(E) = Sing(X).
Good resolutions always exist.
1.2. Locally V-free sheaves, V-bundles and Chern classes. We recall the concept of a
coherent G-sheaf on a complex space:
Definition 1.4. Let S be a coherent sheaf on a complex space X, let G be a group and
G −→ Aut(X) be a group homomorphism. G acts on S over X provided:
(i) given an open subset U ⊆ X such that g(U) = U for all g ∈ G, G acts on the
C-linear space Γ(U,S )
(ii) these actions are compatible with all restriction maps induced by open inclusions
U ′ →֒ U ,
(iii) g(f · ξ) = g∗f · g(ξ) for all ξ ∈ Γ(U,S ), f ∈ Γ(U,OU ), g ∈ G.
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In case G acts properly discontinuously on X and S is a coherent G-sheaf on X then,
for all x ∈ X and for all g ∈ G, the action on X induces an identification OX,x ≃ OX,g·x
and analogously Sx ≃ Sg·x by the action on S . In particular, if g · x = x for all g, then
G acts on the stalk Sx.
Definition 1.5. Let (X,x) be a quotient germ and π : (Y, y) −→ (X,x) be a local
smoothing covering. A coherent sheaf S on (X,x) is V-free if the following equivalent
conditions are satisfied:
(i) S is reflexive (that is, S is isomorphic to S ∨∨) and (π∗S )∨∨ is a free sheaf.
(ii) There is a free sheaf S˘ on (Y, y) such that Gx acts on S˘ and S ≃ πGx∗ (S˘ ),
where πGx∗ (S˘ ) is the maximal subsheaf of π∗(S˘ ) on which Gx acts trivially.
A coherent sheaf S on an orbifold X is locally V-free if S|(X,x) is V-free for all x ∈ X.
Remark that S˘ = (π∗S )∨∨.
Definition 1.6. A V-bundle E on an orbifold X is a holomorphic vector bundle Ereg on
Xreg such that i∗(O(Ereg)) is a locally V-free sheaf. Here i : Xreg →֒ X is the inclusion
and O(Ereg) is the sheaf of sections of Ereg.
Observe that a holomorphic vector bundle Ereg on Xreg is a V-bundle on X if, and
only if, for every local smoothing covering π : (Y, y) −→ (X,x), there is a holomorphic
vector bundle E˘Y on (Y, y) and an action of Gx on E˘Y with(
(E˘Y )|(Y,y)\FixGx
)
/Gx ≃ Ereg |(X,x).
Also, E˘Y and the Gx action on E˘Y are uniquely determined by Ereg.
Now, locally V-free sheaves have the following property: if S is a locally V-free
sheaf on X, then we can associate to it a V-bundle E on X (unique up to isomorphism)
satisfying: S is isomorphic to the sheaf of sections of E.
To construct Chern classes we will use the Chern-Weil procedure via metric connec-
tions. First we need to define metrics.
Definition 1.7. Given an orbifold X and a locally V-free sheaf S on X, let E be the V-
bundle associated to S . A V-metric h on S is a hermitian metric on Ereg (the restriction
of E to Xreg) such that π∗h admits an extension to a hermitian metric h˘ on E˘Y for all
local smoothing coverings π : (Y, y) −→ (X,x).
As in the case of manifolds, by using partitions of unity we can construct V-metrics.
Given an orbifold X of dimension n, a locally V-free sheaf S of rank r and a V-metric
h on S we construct classes ci(X,S , h) ∈ H2idR(X,C), i = 0, . . . , n, as follows:
On the regular part Xreg take the metric connection ∇h on S associated to h and its
curvature operator K∇h = ∇h ◦∇h, which is represented by a r× r matrix of smooth 2-
forms, say Θh, in any local trivialization of S . If M(r,C) is the algebra of r×r matrices
over C, let Ci : M(r,C) −→ C be the i-th elementary symmetric invariant polynomial
and define the Chern form ci(h) := Ci
(√−1
2π
Θh
)
∈ Γ(Xreg,E 2i). Doing this on all
local smoothing coverings we conclude that in fact ci(h) ∈ Γ(X,E 2i). It follows, as
in the C∞ case, that d(ci(h)) = 0 for all i and that ci(S ) = [ci(h)] ∈ H2idR(x,C) is
independent of the metric.
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As usual, the total Chern class of S is defined by c(S ) := c0(S ) + · · · + cr(S ) +
· · · + cn(S ), with c0(S ) := 1.
If TX is the tangent sheaf of X (which is reflexive), then the Chern classes of X are,
by definition, ci(X) = ci(TX), i = 0, . . . , n. Remark that TX is locally V-free and
TX |Xreg is the holomorphic tangent sheaf of the complex manifold Xreg.
The usual properties of the Chern classes hold with the following adjustments: a se-
quence Sm −→ · · · −→ S1 of locally V-free sheaves on X is V-exact provided the
sequence
(π∗Sm)∨∨ −→ · · · −→ (π∗S1)∨∨
is exact, for all local smoothing coverings of X. With this in mind we have:
Remark 1. Properties of the Chern classes.
(i) if S is locally V-free and has rank r, then ci(S ) = 0 for i > r.
(ii) ci(S ) = (−1)i ci(S ∨) for i ≥ 0.
(iii) c(S ) = c(S ′) c(S ′′) whenever we have a V-exact sequence of locally V-free
sheaves 0 −→ c(S ′) −→ c(S ) −→ c(S ′′) −→ 0.
(iv) ci((S ⊗L )∨∨) =
∑i
k=0
(r−k
i−k
)
ck(S ) c1(L )
i−k for 0 ≤ i ≤ r, where L is any
locally V-free sheaf of rank 1 on X.
(v) c(S ) ∈ H∗(X,Q).
Property (v) above is due to the natural use of local smoothing coverings which implies,
in many situations, that we divide by the orders of the groups involved. It follows by
showing that
ξr + ξr−1p∗c1(S ) + · · ·+ ξp∗cr−1(S ) + p∗cr(S ) = 0
in H∗(P(S ),Q), where P(S ) p−→ X is the projectivization of S over X, with ξ ∈
H2(P(S ),Q) given by c1(OP(S )(1)) and ci(S ) ∈ H2i(X,Q) uniquely determined.
Chern numbers are defined as in the smooth case, that is, suppose X is a compact
orbifold of dimension n and let S be a locally V-free sheaf on X. For K = Q or C the
map
(6)
H2ndR(X,K) −→ K
[ω] 7−→ [X] ⌢ [ω]
gives an identification H2ndR(X,K) ≃ K. In K[Z1, . . . , Zn] give weight (or degree) i to
Zi. If P is a quasihomogeneous monomial of degree n, P = Zν11 . . . Zνnn , ν1 + 2ν2 +
· · · + nνn = n, then the number P (c(S )) := c1(S )ν1 · · · cn(S )νn ∈ K, obtained via
(6), is the Chern number of S with respect to (ν1, . . . , νn). If P ∈ K[Z1, . . . , Zn] is a
quasihomogeneous polynomial of degree n, then the number P (c(S )) ∈ K is defined in
the same way.
1.3. Local Chern classes. R. Blache [2] developed a natural concept of local Chern
classes on orbifolds, which will be very useful for our purposes. We briefly describe it.
Let σ : (X˜, E) −→ (X,x) be a good resolution of an isolated quotient singularity as
in Definition 1.3 and suppose S˘ is a locally free sheaf on X˜ such that S = (σ∗S˘ )∨∨ is
a V-free sheaf on X. Let U ⊂W be open neighborhoods of x with U relatively compact
and such that U and W are good representatives of (X,x) as in Definition 1.2. Then:
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(i) There exist metrics h and h˘ on S and S˘ , respectively, such that h|W\U =
h˘|W˜\U˜ .
(ii) Let ci(h) ∈ Γ(W,E 2i) and ci(h˘) ∈ Γ(W˜ ,E 2i) be the Chern forms associated to
(W,S , h) and (W˜ , S˘ , h˘), respectively. Then
(7) ci(x, S˘ ) := ci(X˜, E , S˘ ) := ci(h˘)− σ∗ci(h) ∈ H2idRc((X˜, E),C)
does not depend on U , W , h and h˘ and is called the i-th local Chern class of S˘
along E .
Remark that by (i) the local Chern class ci(x, S˘ ) localizes at x. The relation between
the local Chern numbers and the Chern numbers is given in Proposition 3.14 of [2] and
reads:
Proposition 1.8. Let σ : X˜ −→ X be a good resolution of a compact orbifold of di-
mension n with only isolated singularities and let S˘ be a locally free sheaf on X˜ with
S = (σ∗S˘ )∨∨ a locally V-free sheaf on X. If P ∈ C[Z1, . . . , Zn] is an invariant
polynomial of degree n then,
(8)
∫
X
P (c(S )) =
∫
X˜
P (c(S˘ ))−
∑
x∈Sing(X)
∫
X˜
P (c(x, S˘ )).
2. BOTT’S RESIDUE FORMULA ON ORBIFOLDS
2.1. The residue formula. Let X be a complex orbifold of dimension n and L a line
V-bundle over X and consider the Chern classes
(9)
cj(TX − L∨) := cj(X) + cj−1(X)c1(L) + · · ·+ (c1(L))j , 1 ≤ j ≤ n,
cν(TX − L∨) = cν11 (TX − L∨) . . . cνnn (TX − L∨), ν = (ν1, . . . , νn),
n = ν1 + 2ν2 + · · ·+ nνn.
Write Cν = Cν11 . . . Cνnn for the quasihomogeneous invariant polynomial of degree n,
where Ci is the i-th elementary symmetric function, and remark that any invariant poly-
nomial P of degree n is a linear combination P =
∑
ν aνC
ν
, aν ∈ C.
Theorem 2.1. Let X be a compact orbifold of dimension n with only isolated singulari-
ties, let L be a locally V-free sheaf of rank 1 over X and L the associated line V-bundle.
Suppose ξ is a holomorphic section of TX ⊗ L with isolated zeros. If P is an invariant
polynomial of degree n, then∫
X
P (TX − L∨) =
∑
p | ξ(p)=0
1
#Gp
Res p˜
[
P (Jξ˜) dz˜1 ∧ · · · ∧ dz˜n
ξ˜1 . . . ξ˜n
]
where, for each p such that ξ(p) = 0, (U˜ , p˜) πp−→ (U, p) is a smoothing covering of X at
p, ξ˜ = π∗pξ, Jξ˜ =
(
∂ξ˜i
∂z˜j
)
1≤i,j≤n
and Res p˜
[
P (Jξ˜) dz˜1 ∧ · · · ∧ dz˜n
ξ˜1 . . . ξ˜n
]
is Grothendieck’s
point residue.
Proof. Let p1, . . . , pk be the zeros of the section ξ and choose points pk+1, . . . , pl in X
such that:
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(i) For all 1 ≤ α ≤ l, πα : (U˜α, p˜α) −→ (Uα, pα) is a smoothing covering, Uα is a
good representative of {pα} and {Uα}α=1,...,l is an open cover of X.
(ii) For each zero pα of ξ, pα 6∈ Uβ for all β 6= α.
(iii) If pα 6= pβ are zeros of ξ then Uα ∩ Uβ = ∅, Uα ∩ Sing(X) = {pα} in case
pα ∈ Sing(X) and Uα ∩ Sing(X) = ∅ otherwise.
(iv) If pα ∈ Xreg then Uα is a trivializing neighborhood for both TX and L, whereas
if pα ∈ Sing(X), Uα \ {pα} is a trivializing neighborhood for both TX and L.
We follow Chern’s arguments [4] for the first part of the proof. The constructions
below are all well defined, see [11] §2.
Equip the locally V-free sheaves TX and L , the tangent sheaf of X and the sheaf
whose associated V-bundle is L, respectively, with hermitian V-metrics h and H .
Locally, using πp : (Cn, 0) ∼= (U˜ , p˜) −→ (U, p), we have h˘ = (h˘ij) and H˘ = aU˜ > 0.
The (unique) connection which preserves the hermitian structure in T U˜ has matrix
ω = ∂h˘ · h˘−1, ω = (ωij), ωij =
∑
k
Γjikdz˜k.
The curvature matrix is
K∇h = dω − ω ∧ ω = ∂ω = (Ωij) and ∂K∇h = 0.
For L˘
U˜
the curvature form is
Φ = −∂∂ log aU˜ , aU˜ = aU˜ ′ |H˘U˜U˜ ′ |.
We have
Φ = −
∑
k
dz˜k ∧ ψk, ψk = ∂
∂ log a
U˜
∂z˜k
, ∂ψk = 0,
Consider the matrix of C∞ (1, 1)-forms
Ω˜ = (Ω˜ij), Ω˜ij = Ωij − dz˜j ∧ ψi.
In [4] it is shown that, for any invariant polynomial of degree n, whenever U˜α∩U˜β 6= ∅
the matrices Ω˜α satisfy P (Ω˜α) = P (Ω˜β) and hence they define a global smooth (n, n)-
form P (Ω˜) on X.
Outside the zeros of the section ξ, the form P (Ω˜) satisfies
(10) P (Ω˜) = dΨ
where Ψ is a smooth (n, n− 1)-form on X \ {p : ξ(p) = 0} and
(11)
[(√−1
2π
)n
P (Ω˜)
]
= P (TX − L∨) ∈ H2ndR(X,C).
Write
(12) ξ˜α =
∑
i
ξ˜αi
∂
∂z˜αi
, ξ˜αi ∈ Γ(U˜α, L˘|U˜α)
for the local expression of ξ˜ over U˜α.
At each pα which is a zero of ξ, adopt the standard hermitian metrics hαij = δij and
Hα = 1 over Uα and extend these to h and H , in TX and L respectively, by means of a
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partition of unity. Then, with the induced metrics over U˜α, the (n, n − 1)-form Ψ above
has the explicit expression (equation (55) of [4]):
(13) π∗αΨ = (−1)n+1P (Jξ˜α) ηα ∧ (∂ ηα)n−1
where
ηα =
∑
i
ξ˜αi dz˜
α
i∑
i
ξ˜αi ξ˜
α
i
is the (0, 1)-form dual to ξ˜α.
We now investigate ηα ∧ (∂ηα)n−1. We have
(14)
ηα∧(∂ηα)n−1= υn|ξ˜α|2n
[
dz˜α1 ∧ · · · ∧ dz˜αn
∧∑
i
(−1)i−1ξ˜αi d ξ˜α1 ∧ · · · ∧ d̂ ξ˜αi ∧ · · · ∧ d ξ˜αn
]
where υn = (−1)
n(n−1)
2 (n− 1)!.
Recall that the Bochner-Martinelli kernel in Cn × Cn has the representation
K(w, u) =
(n− 1)!
(2π
√−1)n|w − u|2n
∑
i
(wi − ui) dwi ∧
∧
j 6=i
dwj ∧ dwj
 .
A manipulation shows that
K(w, 0) = (−1)n(n−1)2 (n− 1)!
(2π
√−1)n|w|2n
∑
i
Θi(w) ∧ ϑ(w)
where Θi(w) = (−1)i−1wi dw1 ∧ · · · ∧ d̂ wi ∧ · · · ∧ dwn and ϑ(w) = dw1 ∧ · · · ∧ dwn.
Set ℓn = (−1)
n(n−1)
2
(n−1)!
(2π
√−1)n and put
B(z, ζ) =
ℓn
|z − ζ|2
∑
i
Θi(z − ζ) ∧ ϑ(ζ).
This is the same as
B(z, ζ) =
ℓn
|z − ζ|2
∑
i
(−1)i−1(zi − ζi)
∧
j 6=i
(dzj − dζj) ∧ dζ1 ∧ · · · ∧ dζn.
Now, it is proven in [7], Lemma in page 651, that
(15) Res 0
[
g dz1 ∧ · · · ∧ dzn
f1 . . . fn
]
=
∫
S2n−1ǫ
gΦ∗B
where g and f = (f1, . . . , fn) are holomorphic in a neigborhood of 0 ∈ Cn, f has an
isolated zero at 0, Φ : (Cn, 0) −→ Cn × Cn is the map Φ(z) = (z + f(z), z) and S2n−1ǫ
is the euclidean sphere of radius ǫ centered at 0, for all sufficiently small ǫ > 0.
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By replacing f by ξα and considering the map Φ : (U˜α, p˜α) −→ Cn × Cn, Φ(z˜α) =
(z˜α + ξ˜α(z˜α), z˜α), a straightforward calculation gives
(16) Φ∗B =
(
1
2π
√−1
)n
ηα ∧ (∂ηα)n−1.
By (11) it follows that
(17)
∫
X
P (TX − L∨) =
∫
X
[(√−1
2π
)n
P (Ω˜)
]
.
For each zero pα of ξα choose a euclidean ball Bǫ(pα) centered at pα such that Bǫ(pα) ⊂
Uα. By Stokes and (10)
(18) ∫
X\∪k1Bǫ(pα)
P
(√−1
2π
Ω˜
)
=
∫
X\∪k1Bǫ(pα)
(√−1
2π
)n
dΨ =
k∑
1
∫
∂Bǫ(pα)
−
(√−1
2π
)n
Ψ.
Now,
(19)
∫
S2n−1ǫ (pα)
−
(√−1
2π
)n
Ψ =
1
#Gpα
∫
S2n−1ǫ (p˜α)
−
(√−1
2π
)n
π∗αΨ
(20) = 1
#Gpα
∫
S2n−1ǫ (p˜α)
−
(√−1
2π
)n
(−1)n+1P (Jξ˜α) ηα ∧ (∂ηα)n−1
(21) = 1
#Gpα
∫
S2n−1ǫ (p˜α)
−
(√−1
2π
)n
(−1)n+1P (Jξ˜α) (2π
√−1)nΦ∗B
(22) = 1
#Gpα
∫
S2n−1ǫ (p˜α)
P (Jξ˜α) Φ
∗
B =
1
#Gpα
Res p˜α
[
P (Jξ˜α) dz˜
α
1 ∧ · · · ∧ dz˜αn
ξ˜α1 . . . ξ˜
α
n
]
by (15). Hence
(23) ∫
X\∪k1Bǫ(pα)
P
(√−1
2π
Ω˜
)
=
∑
pα | ξ(pα)=0
1
#Gpα
Res p˜α
[
P (Jξ˜α) dz˜
α
1 ∧ · · · ∧ dz˜αn
ξ˜α1 . . . ξ˜
α
n
]
.
Taking ǫ→ 0 we get, by (17),
(24)
∫
X
P (TX − L∨) =
∑
p | ξ(p)=0
1
#Gp
Res p˜
[
P (Jξ˜) dz˜1 ∧ · · · ∧ dz˜n
ξ˜1 . . . ξ˜n
]
as stated. 
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2.2. Another residue formula. In this subsection we bring in resolutions and obtain
relations between characteristic numbers of the orbifold and of a good resolution. As in
2.1, let X be a compact complex orbifold of dimension n with only isolated singularities,
L a locally V-free sheaf of rank 1 over X and L the associated line V-bundle.
Suppose ξ is a holomorphic section of TX⊗L with isolated zeros. The Poincare´-Hopf
index of ξ at a zero p was defined by Satake in §3.2 of [11] and is:
(25) Ip(ξ) = 1
#Gp
Ip˜(ξ˜)
where πp : (U˜ , p˜) −→ (U, p) is a local smoothing covering, ξ˜ = π∗pξ and Ip˜(ξ˜) is the
usual Poincare´-Hopf index. It’s well known that, in terms of point residues, using det to
designate the n-th elementary symmetric polynomial Cn,
(26) Ip˜(ξ˜) = Res p˜
[
det(Jξ˜) dz˜1 ∧ · · · ∧ dz˜n
ξ˜1 . . . ξ˜n
]
.
Recall from (9) and Remark 1 (iv) that
(27) cn(TX ⊗ L) = cn(TX − L∨) = cn(X) + cn−1(X)c1(L) + · · · + (c1(L))n.
Theorem 2.2. Let X be a compact complex orbifold of dimension n with only isolated
singularities, L a locally V-free sheaf of rank 1 over X and L the associated line V-
bundle. Let σ : X˜ −→ X be a good resolution of X, E the exceptional divisor, and let
ξ be a holomorphic section of TX ⊗ L with isolated zeros. Assume (σ∗L )∨∨ is locally
free. Then
(28)∑
p | ξ(p)=0
Ip(ξ) =
∫
X˜
cn
(
(σ∗(TX ⊗ L))∨∨)− ∑
p∈Sing(X)
∫
X˜
cn
(
p, (σ∗(TX ⊗ L))∨∨) .
In particular, if σ∗(TX ⊗L ) is reflexive, then
(29) ∑
p∈Sing(X)∩{ξ(p)=0}
Ip(ξ) =
∑
p˜∈E |σ∗ξ(p˜)=0
Ip˜(σ
∗ξ)−
∑
p∈Sing(X)
∫
X˜
cn (p, σ
∗(TX ⊗ L)) .
Proof. First we remark that since L is locally V-free, we may construct a resolution
such that (σ∗L )∨∨ is locally free (Lemma 3.7 of [2]). By Proposition 1.8, Theorem
2.1, (25) and (26) we have (28). (29) follows from (28) since σ(E) = Sing(X) and
Ip(ξ) = Ip˜(σ
∗ξ) for all p 6∈ Sing(X). 
3. APPLICATIONS
3.1. One-dimensional foliations on Pnw. Here we consider weighted complex projective
spaces with only isolated singularities, which we briefly recall.
Let w0, ..., wn be positive integers two by two co-primes, set w := (w0, ..., wn) and
|w| := w0 + · · ·+ wn. Define an action of C∗ in Cn+1 \ {0} by
(30) C
∗ × Cn+1 \ {0} −→ Cn+1 \ {0}
λ.(z0, . . . , zn) 7−→ (λw0z0, . . . , λwnzn)
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and let Pnw := Cn+1 \ {0}/ ∼. The weights are chosen to be 2 by 2 co-primes in order to
assure a finite number of singularities and to give Pnw the structure of an effective, abelian,
compact orbifold of dimension n. The singular locus is:
(31) Sing(Pnw) = {ei = [0 : · · · : 1︸︷︷︸
i
: · · · : 0]w : i = 0, 1, . . . , n}.
We have the canonical projection
(32) π : C
n+1 \ {0} −→ Pnw
(z0, . . . , zn) 7−→ [zw00 : · · · : zwnn ]w
and the natural map
(33) ϕw : P
n −→ Pnw
[z0 : · · · : zn] 7−→ [zw00 : · · · : zwnn ]w
of degree degϕw = w0 . . . wn. The map ϕw is good in the sense of [5] §4.4, which
means, among other things, that V-bundles behave well under pullback. It is shown in [8]
that there is a line V-bundle OPnw(1) on P
n
w, unique up to isomorphism, such that
(34) ϕ∗wOPnw(1) ∼= OPn(1)
and, by naturality, c1(ϕ∗wOPnw(1)) = c1(OPn(1)) = ϕ
∗
wc1(OPnw(1)), from which we ob-
tain the Chern number
(35) [Pnw]⌢
(
c1(OPnw(1))
)n
=
∫
Pnw
(
c1(OPnw(1))
)n
=
1
w0 . . . wn
since
(36) 1 =
∫
Pn
(c1(OPn(1)))
n =
∫
Pn
ϕ∗w
(
c1(OPnw(1))
)n
= (degϕw)
∫
Pnw
(
c1(OPnw(1))
)n
.
As usual we set OPnw(k) := OPnw(1)
⊗k for k ∈ Z.
The Euler sequence on Pnw reads
(37) 0 −→ C −→
n⊕
i=0
OPnw(wi) −→ TPnw −→ 0
where
(i) 1 7−→ (w0z0, ..., wnzn).
(ii) (P0, ..., Pn) 7−→ π∗
(∑n
i=0 Pi
∂
∂zi
)
.
Twisting by OPnw(d− 1) we get
(38) 0 −→ OPnw(d− 1) −→
n⊕
i=0
OPnw(wi + d− 1) −→ TPnw ⊗ OPnw(d− 1) −→ 0.
Lemma 3.1. If d > 1−max
i 6=j
{wi + wj}, then H0(Pnw, TPnw ⊗Ow(d− 1)) 6= 0.
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Proof. The pairing ΩrPnw × Ω
n−r
Pnw
−→ ΩnPnw induces ΩrPnw ∼= HomC
(
Ωn−rPnw ,Ω
n
Pnw
)
. On
the other hand, KPnw = OPnw (−|w|) and hence TPnw = (Ω1Pnw)∨ = Ω
n−1
Pnw
⊗ (ΩnPnw)∨ =
Ωn−1Pnw (|w|). Since H0(Pnw, TPnw⊗OPnw(d−1)) ∼= H0(Pnw,Ω
n−1
Pnw
(|w|+d−1)), the result
follows from Corollary 2.3.4 of [6]. 
Hence, if X is a quasi-homogeneous vector field of type w and degree d in Cn+1,
as in Lemma 3.1, that is, writing X =
n∑
i=0
Pi(z)
∂
∂zi
we have Pi(λw0z0, . . . , λwnzn) =
λd+wi−1Pi(z0, . . . , zn), then X defines a one-dimensional holomorphic foliation F on
Pnw and, due to (38), gRw + X defines the same foliation, where Rw =
∑n
0 wizi
∂
∂zi
is
the weighted radial vector field and g is a quasi-homogeneous polynomial of type w and
degree d. The integer d is, by definition, the degree of the foliation F .
Dually, as H0(Pnw, TPnw ⊗ OPnw(d − 1)) ∼= H0(Pnw,Ωn−1Pnw (|w| + d − 1)) we have
that a one-dimensional holomorphic foliation on Pnw is induced by a quasi-homogeneous
(n − 1)-form η =
n∑
0
Aidz1 ∧ · · · ∧ d̂zi ∧ · · · ∧ dzn, where Ai is quasi-homoegenous of
degree d+ |w| − wi − 1, subjected to the condition
n∑
0
wiziAi ≡ 0.
We now give an enumerative result concerning foliations on Pnw and examine some
consequences of it.
Proposition 3.2. Let ξ be a holomorphic section of TPnw⊗OPnw(d−1) with only isolated
zeros. Then
(39)
∑
p|ξ(p)=0
Ip(ξ) = 1
w0 . . . wn
n∑
j=0
Cj(w)(d − 1)n−j ,
where Cj(w) is the j-th elementary symmetric function of the variables w0, . . . , wn.
Proof. By Theorem 2.1, (25), (26) and (27) we have that
(40)
∑
p|ξ(p)=0
Ip(ξ) =
∫
Pnw
cn(TPnw ⊗ OPnw(d− 1)).
To calculate this Chern number we use the map ϕw. By (27),
(41)
cn(TPnw ⊗ OPnw(d− 1)) =
= cn(TPnw) + cn−1(TPnw)c1(OPnw(d− 1)) + · · ·+ (c1(OPnw(d− 1)))n.
By (37) and Remark 1 (iii),
(42) c(TPnw) = c
(
n⊕
i=0
OPnw(wi)
)
.
By naturality
(43) ϕ∗w
(
c
(
n⊕
i=0
OPnw(wi)
))
= c
(
n⊕
i=0
ϕ∗OPnw(wi)
)
= c
(
n⊕
i=0
OPn(wi)
)
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and
(44) c
(
n⊕
i=0
OPn(wi)
)
=
n∏
i=0
(1 + wih) = 1 +
n∑
i=1
Ci(w)h
i
where h is the hyperplane class in Pn. Hence, from (41) we get
(45)
ϕ∗wcn(TPnw ⊗ OPnw(d− 1)) =
=
[
Cn(w) + Cn−1(w)(d − 1) + · · ·+ C1(w)(d − 1)n−1 + (d− 1)n
]
h
n.
Integration gives:
(46)
n∑
i=0
Ci(w)(d − 1)n−i =
∫
Pn
ϕ∗wcn(TP
n
w ⊗ OPnw(d− 1))
= (degϕw)
∫
Pnw
cn(TPnw ⊗ OPnw(d− 1))
and the result follows. 
Definition 3.3. Let ξ be a holomorphic section of TPnw ⊗ OPnw(d − 1) and let p be an
isolated zero of ξ. p is non-degenerate if, given a local smoothing covering π : (U˜ , p˜) −→
(U, p), the lifted vector field ξ˜ = π∗ξ has a non-degenerate singularity at p˜, that is,
I˜p˜(ξ˜) = 1.
Given ej ∈ Sing(Pnw) (recall (31)), the local fundamental group Gej of Pnw at ej is
isomorphic to ζwj , the group of the wj-th roots of unity. As an immediate consequence
of Proposition 3.2 we have
Corollary 3.4. Let ξ be a holomorphic section of TPnw ⊗ OPnw(d− 1) with only isolated
and non-degenerate zeros. Then
(47)
∑
p|ξ(p)=0
w0 . . . wn
#Gp
=
n∑
j=0
Cj(w)(d − 1)n−j .
If F is the foliation induced by ξ and Sing(F) ∩ Sing(Pnw) = ∅, then (47) reads
(48) (w0 . . . wn)#Sing(F) =
n∑
j=0
Cj(w)(d − 1)n−j .
Corollary 3.5. Let ξ be a holomorphic section of TPnw ⊗ OPnw(d− 1) with only isolated
zeros and denote by F the induced foliation. Then,
(i) Sing(F) 6= ∅ whenever d ≥ 1 and, for n = 2, whenever d ≥ 0.
(ii) Sing(F) 6= ∅ in case d− 1 ∤ Cn(w).
Proof. (i) holds since the right hand side of (39) is positive for d ≥ 1. The case n = 2 is
also straightforward. As for (ii), recall Lemma 3.1 and notice that, if Sing(F) = ∅ then
(39) becomes ∑n−1j=0 Cj(w)(d − 1)n−j = −Cn(w) and, by (i), necessarily d ≤ 0. 
Remark 2. Let F be a foliation of degree d 6= 1 on P2w, w = (w0, w1, w2), with iso-
lated singularities only. If all points in Sing(F) are non-degenerate singularities, then
Sing(F) 6= {e0, e1, e2}. To see this assume Sing(F) = {e0, e1, e2}. Then (39) reads
A BOTT TYPE RESIDUE FORMULA ON COMPLEX ORBIFOLDS 15
C2(w)
w0w1w2
=
(d− 1)2 + (d− 1)C1(w) + C2(w)
w0w1w2
. Since d 6= 1 we are left with d =
1−C1(w). But this contradicts Lemma 3.1 since d > 1−max
i 6=j
{wi+wj} > 1−C1(w).
For a complex surface X˜ and F˜ a holomorphic foliation on X˜ with isolated singulari-
ties, the Baum-Bott index of F˜ at p˜ ∈ Sing(F˜) is defined by
BBp˜(F˜) = Resp˜

(
tr(Jξ˜)
)2
ξ˜1 ξ˜2
dz˜1 ∧ dz˜2
 ,
where ξ˜ = ξ˜1
∂
∂z˜1
+ ξ˜2
∂
∂z˜2
is a vector field defining F˜ in a neighborhood of p˜. As was
done for the Poincare´-Hopf index, we define the Baum-Bott index of a foliation F on P2w
at an isolated singularity p by
(49) BBp(F) = 1
#Gp
Resp˜

(
tr(Jξ˜)
)2
ξ˜1 ξ˜2
dz˜1 ∧ dz˜2

where ξ˜ = π∗pξ, for ξ ∈ H0(TP2w ⊗ OP2w(d− 1)) defining F and πp : (U˜ , p˜) −→ (U, p)
a local smoothing covering, with U a good representative of {p}.
Proposition 3.6. Let ξ be a holomorphic section of TP2w⊗OP2w(d−1) with isolated zeros
only. Then
(50)
∑
p|ξ(p)=0
BBp(F) = 1
w0w1w2
(d+ |w| − 1)2.
Proof. Since tr denotes the invariant symmetric polynomial C1, Theorem 2.1 gives
(51)
∑
p|ξ(p)=0
BBp(F) =
∫
P2w
c21(TP
2
w − OP2w(1− d))
By (9) we have∫
P2w
c21(TP
2
w − OP2w(1− d)) =
∫
P2w
(
c1(TP2w) + c1(OP2w(d− 1))
)2
by (42) =
∫
P2w
(|w|c1(OP2w(1)) + (d− 1)c1(OP2w(1)))2
=
1
degϕw
∫
P2
ϕ∗w
(
(d+ |w| − 1)2(c1(OP2(1)))2
)
=
1
w0w1w2
(d+ |w| − 1)2
∫
P2
(c1(OP2(1)))
2
=
1
w0w1w2
(d+ |w| − 1)2.

Let F be a foliation on P2w and suppose p is an isolated singularity of F . We say that
p is radial provided the lifting ξ˜ = π∗pξ, of a vector field defining F around p has radial
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linear part at p˜, that is, ξ˜ = z˜1
∂
∂z˜1
+ z˜2
∂
∂z˜2
+ · · · . Notice that, for a radial singularity,
since J(ξ˜) = I we have detJ(ξ˜) = 1 and trJ(ξ˜) = 2. It follows that
(52) Ip(ξ) = 1
#Gp
and BBp(F) = 4
#Gp
.
Corollary 3.7. Let F be a holomorphic foliation of degree d on P2w with isolated singu-
larities only. If all the singularities of F are radial, then
(53) d = 1
3
(
3− C1(w)± 2
√
C1(w)2 − 3C2(w)
)
.
In particular, on P(1, 1, k) with k ≥ 1, we have d = k−13 or d = 1− k.
Proof. By Propositions 3.2, 3.6 and by (52):
1
w0w1w2
(d+ |w| − 1)2 =
∑
p|ξ(p)=0
BBp(F)
= 4
∑
p|ξ(p)=0
Ip(ξ)
= 4
(d− 1)2 + C1(w)(d − 1) +C2(w)
w0w1w2
Noticing that |w| = C1(w) (53) follows. 
Let’s comment on the case P(1, 1, k) in the above corollary. If k = 1 then d = 0
and, up to automorphism, we have only the foliation on P2 given by ω = z1dz0 − z0dz1,
which is a pencil. For k > 1, up to automorphism, we also have only one foliation of
degree 1− k, analogously the pencil defined by ω = z1dz0 − z0dz1. Hence, if k > 1 and
3 ∤ (k − 1) then radial foliations are pencils.
3.2. Hirzebruch surfaces as good resolutions of P(1, 1, k). The k-th Hirzebruch sur-
face Σk, k ≥ 0, is defined as P(OP1 ⊕ OP1(k)). These are P1 bundles over P1, hence
rational ruled surfaces and they have just one ruling, except for k = 0 since Σ0 = P1×P1.
J. Matsuzawa [9] gave the following convenient realization of Σk:
(54) Σk = {([z0 : z1 : z2], [s : t]) ∈ P2 × P1 : skz0 = tkz1}.
The projection onto the second factor pr2 : Σn −→ P1 gives the ruling and, for k ≥ 1,
(55) D = {([z0 : z1 : z2], [s : t]) ∈ Σk : z0 = z1 = 0}
is the unique section with D ·D = −k. Also, Pic(Σk) = ZD ⊕ ZL where L is a fiber,
D · L = 1 and L · L = 0.
Consider the orbifold P(1, 1, k), k ≥ 1, which we denote by P2k and recall that, for
k > 1, Sing(P2k) = {e2 = [0 : 0 : 1]k}. Let
(56) Vk = {([z0 : z1 : z2]k, [s : t]) ∈ P2k × P1 : sz0 = tz1}.
In view of (54), the map
(57) P
2 × P1 Φ−→ P2k × P1
([z0 : z1 : z2], [s : t]) 7−→ ([z1/k0 : z1/k1 : z2]k, [s : t])
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satisfies
(58) Φ|Σk\D : Σk \D −→ Vk \ {e2}
is an isomorphism, in the sense of Definition 1.1. The composite morphism
(59) σ = π1 ◦ Φ|Σk : Σk −→ P2k
where π1 : P2k × P1 −→ P2k is the projection onto the first factor, gives a good resolution
of P2k with exceptional divisor D.
Proposition 3.8. Let ξ ∈ H0(P2k, TP2k ⊗ OP2k(d − 1)) be a section with isolated zeros
only. Write σ∗ξ = ξ˜. Then
(60)
∑
p˜∈D|ξ˜=0
Ip˜(ξ˜)− Ie2(ξ) = (d2 + kd+ k)
(
k − 1
k
)
.
Proof. From (29) of Theorem 2.2 we have
(61) Ie2(ξ) =
∑
p˜∈D|ξ˜=0
Ip˜(ξ˜)−
∫
Σk
c2
(
e2, (σ
∗(TP2k ⊗ OP2
k
(d− 1)))
)
and hence we must calculate
∫
Σk
c2
(
e2, (σ
∗(TP2k ⊗OP2
k
(d− 1)))
)
. From (28) and
Proposition (3.2) we have, recalling that w = (1, 1, k),
(62)∫
Σk
c2
(
e2, (σ
∗(TP2k ⊗ OP2
k
(d− 1)))
)
=
∫
Σk
c2
(
σ∗(TP2k ⊗ OP2
k
(d− 1))
)
− (d− 1)
2 + (d− 1)C1(w) +C2(w)
k
=
∫
Σk
c2
(
σ∗(TP2k ⊗ OP2
k
(d− 1))
)
− (d− 1)
2 + (d− 1)(k + 2) + (2k + 1)
k
=
∫
Σk
c2
(
σ∗(TP2k ⊗ OP2
k
(d− 1))
)
− d
2 + kd+ k
k
.
Now,
c2(σ
∗(TP2k ⊗ OP2k(d− 1))) = c2(σ
∗TP2k) + c1(σ
∗TP2k)c1(σ
∗OP2
k
(d− 1))
+
(
c1(σ
∗OP2
k
(d− 1))
)2
and by using Euler’s sequence (37) we get c2(σ∗TP2k) = (2k+1)
(
c1(σ
∗OP2
k
(1))
)2
and
c1(σ
∗TP2k) = (k + 2)c1(σ
∗OP2
k
(1)), from which we deduce
(63) c2(σ∗(TP2k ⊗ OP2
k
(d− 1))) = (d2 + kd+ k)
(
c1(σ
∗
OP2
k
(1))
)2
.
By considering the divisor S = {z0 = 0} in P2k and noticing that OP2k(1) ∼= OP2k(S), a
straigthforward calculation gives c1(σ∗OP2
k
(1)) = kL+D, L a fiber, L ·D = 1, L2 = 0
and hence
∫
Σk
(
c1(σ
∗
OP2
k
(1))
)2
= k. Substituting into (62) we obtain the result. 
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The next result gives a condition for a foliation to have a singularity at Sing(P2k). We
will give two proofs of it, one as a consequence of Proposition 3.2 and the other by using
Proposition 3.8.
Proposition 3.9. Let F be a foliation of degree d on P2k, k > 1. Suppose F has only
isolated singularities. If k ∤ d2 then F has a singularity at Sing(P2k) = {e2}.
First proof. In fact, suppose e2 is non-singular for F . Then the right hand side of (39) is
an integer and this happens only if k | d2. 
Second proof. If F is non-singular at e2, then (60) reads∑
p˜∈D|ξ˜=0
Ip˜(ξ˜) = (d
2 + kd+ k)
(
k − 1
k
)
.
Since the left hand side is an integer and k > 1 we must have k | d2. 
Remark 3. Still in P2k we observe that, in case d ≥ 0 and e2 ∈ Sing(F) is non-
degenerate, then Sing(F) contains at least another point. This is because, in case this
does not happens, then (39) reads 1
k
=
d2 + kd+ k
k
, which is impossible since k > 1
and d ≥ 0.
Example 3.10. Let η = (k+1)fdg−gdf where f(z0, z1, z2) = zk+10 +zk+11 −(z0+z1)z2
and g(z0, z1, z2) = azk0 + bzk1 + cz2, k > 1. η induces a foliation F of degree k on P2k,
with isolated singularities and F is non-singular at e2.
ACKNOWLEGMENTS. The third named author is grateful to IMPA and to the Univ. of Valladolid for hospi-
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